Abstract. The aim of this paper is to extend nonstandard methods from small scale topology to large scale topology. We generalise two nonstandard notions, galaxy and finite closeness, from metric spaces to prebornological spaces (see the text for the definition) and coarse spaces, respectively. We provide nonstandard characterisations for some basic large scale notions in terms of galaxy and finite closeness. We also consider some hybrid (both small scale and large scale) notions. As an application, some elementary wellknown results in large scale topology and functional analysis are proved by nonstandard techniques.
Introduction
Nonstandard analysis was developed by Robinson in the early 1960s. After that, many researchers have applied nonstandard methods to various areas of mathematics, in particular, small scale topology. Meanwhile, however, only a few researchers have focused on large scale topology. For example, Khalfallah and Kosarew [3] provided a basic tool for treating bornological spaces via nonstandard analysis.
In Section 2 we discuss the nonstandard treatment of bornological spaces in more detail. In order to improve the connection between bornology and coarse structure, we introduce the notion of prebornology, a generalisation of bornology, and deal with it nonstandardly. In Section 3, we extend nonstandard methods to the study of coarse spaces. For these purposes, we start with generalising two nonstandard notions, galaxy and finite closeness, from metric spaces to prebornological and coarse spaces. We provide nonstandard characterisations for some basic notions in large-scale topology. We also focus on some hybrid, both small scale and large scale, notions such as local compactness and slow oscillation property, and on bornology in the theory of topological vector spaces. We demonstrate the use of those characterisations by proving some well-known facts in large scale topology and functional analysis. For instance, we give a simple nonstandard proof of the fact that the set of Higson functions forms a C * -algebra.
1.1. Basic settings and notations. We refer to [2] for bornology, [6, 7] for coarse topology and [4, 5, 8] for nonstandard analysis and topology. We use the Robinson-style framework of nonstandard analysis, and yet our methods can be transferred to any other frameworks of nonstandard analysis. We fix a transitive universe U, called the standard universe, that satisfies sufficiently many (but only finitely many) axioms of ZFC and contains all standard objects we consider. We also fix a |U| + -saturated enlargement * : U ֒→ * U. The term "transfer" means the elementary extension property, the term "weak saturation" means the enlargement property, and the term "saturation" means the saturation property. Let (X, T X ) be a topological space. The monad of x ∈ X is the set µ X (x) = { * U | x ∈ U ∈ T X }. The elements of NS (X) = x∈X µ X (x) are called the nearstandard points. The nonstandard points that are not nearstandard are called the remote points. Next, let (Y, U Y ) be a uniform space. We say that two points x, y ∈ * Y are infinitely close (and we denote by x ≈ Y y) if for each U ∈ U Y we have that (x, y) ∈ * U . Equivalently, the infinite closeness relation ≈ Y is a binary relation on * X defined as the intersection U∈UY * U .
Bornology
In this chapter, we discuss the nonstandard treatment of (pre)bornological spaces. We provide nonstandard characterisations for some large-scale notions concerning bornology. Using these characterisations, we prove some well-known facts in large scale topology and functional analysis. The interaction between topology and bornology is also discussed.
2.1. Bornologies and galaxy maps. Definition 2.1. A prebornology on a set X is a nonempty subset B X of P (X) such that (1) B X is a cover of X: B X = X; (2) B X is downward closed: B ∈ B X and C ⊆ B implies C ∈ B X ; (3) B X is closed under finite non-disjoint union: B, C ∈ B X and B ∩ C = ∅ implies B ∪ C ∈ B X . The pair (X, B X ) is called a prebornological space, and the elements of B X are called the bounded sets of X. For x ∈ X we denote BN X (x) = { B ∈ B X | x ∈ B }. Remark 2.2. The notion of prebornology is slightly generalised from one of bornology. A bornology is defined as a cover of the whole space which is downward closed and is closed under finite possibly disjoint union. The boundedness induced by a coarse structure may not be a bornology, while it always is a prebornology. Because of this, prebornology is more suitable than bornology when considering coarse structures.
It is well-known that topology has a pointwise definition involving neighbourhood systems. Similarly, prebornology also has a pointwise definition via bornological neighbourhood systems.
Lemma 2.3 (Standard)
. Let X be a set. For each x ∈ X, let BN (x) be a nonempty subset of P (X) that satisfies the following axioms:
, then B ∈ BN (y) for each y ∈ B. Then, there is a unique prebornology on X whose BN X coincides with the given BN .
Proof. Let B X = x∈X BN (x) ∪ { ∅ }. First, we show that B X is a prebornology on X. For x ∈ X, since BN (x) is nonempty, and by (BN1), BN (x) contains x. Hence B X covers X. The downward closedness of B X is implied from (BN2). Now, let B, C ∈ B X and suppose that B ∩ C = ∅. Fix an x 0 ∈ B ∩ C. There are y, z ∈ X such that B ∈ BN (y) and C ∈ BN (z). By (BN4), B, C ∈ BN (x 0 ). By (BN3), B ∪ C ∈ BN (x 0 ). Hence B ∪ C ∈ B X .
Second, let us prove that BN (x) = { B ∈ B X | x ∈ B } for each x ∈ X. The inclusion ⊆ is immediate from (BN1). To prove the reverse inclusion, let B ∈ B X and suppose that x ∈ B. We can choose a y ∈ X such that B ∈ BN (y). Then, by (BN4), B ∈ BN (x). Hence BN (x) ⊇ { B ∈ B X | x ∈ B }. Definition 2.4. Let X be a prebornological space. The galaxy of x ∈ X is the set
The prebornology can be recovered from the galaxy map G X : X → P ( * X). To see this, we will use the following lemma, a slight generalisation of [3, Lemma 4.4] to prebornology.
Proof. Since BN X (x) is closed under finite union, for every finite subset F of
Proposition 2.6. Let X be a prebornological space and let B be a subset of X. The following are equivalent:
Proof. The only nontrivial part is (4) ⇒ (1). Suppose that * B ⊆ G (x) for some x ∈ X. By Bornological Approximation Lemma, there exists a C ∈ * B X such that
Proposition 2.8. Let X be a prebornological space. The map G X : X → P ( * X) satisfies the following:
Proof. (1) is clear by definition. (2) is immediate from the fact that B X is a cover of X. To see (3) , suppose that G X (x) ∩G X (y) = ∅. Fix a point z ∈ G X (x) ∩G X (y). There are bounded sets B x , B y such that z, x ∈ * B x and z, y ∈ * B y . Since z ∈ * B x ∩ * B y = ∅, by transfer, B x ∩ B y = ∅. Hence B x ∪ B y is bounded. Let t ∈ G X (x). There exists a bounded set B t such that t, x ∈ * B t . Since
The reverse direction is immediate from (2). Proof. For x ∈ X, let BN (x) = { B ⊆ X | x ∈ B and * B ⊆ G (x) }. To apply Lemma 2.3, we show that BN satisfies the axioms (BN1) to (BN4). The first axiom (BN1) is obtained by (2) . (BN2) and (BN3) are immediate from the definition of BN and the transfer principle. To prove (BN4), let B ∈ BN (x) and y ∈ B. Then, y ∈ * B ⊆ G (x). On the other hand, by (2), y ∈ G (y).
Applying Lemma 2.3 we obtain a (unique) prebornology on X whose BN X coincides with BN . Now, let x ∈ X. Since G (x) is galactic, it follows that
Hence the correspondence B X ↔ G X gives a bijection between the prebornologies on X and the maps X → P ( * X) satisfying (1) to (3).
Definition 2.10. We say that a prebornological space X is (bornologically) connected if every finite subset of X is bounded. A connected prebornology is called a bornology. A set with a bornology is called a bornological space.
Proposition 2.11. Let X be a prebornological space. The following are equivalent:
Proof. Let us only prove the equivalence between the standard definition (1) and the nonstandard one (4).
(4) ⇒ (1): Let A be a finite subset of X. By assumption,
Corollary 2.12. Let X be any set. For each galactic subset G of * X that contains X, there is a unique bornology whose galaxy map is identical to G.
2.2.
Examples of (pre)bornological spaces. Example 2.13. Let X be a set. The maximal bornology on X is the power set P (X) = { A | A ⊆ X }, i.e., all subsets are bounded. The galaxy map is identically
Example 2.14. Let X be a set. The discrete prebornology on
This prebornology is connected (so a bornology) only when |X| ≤ 1.
Example 2.15. Let X be a set. The finite bornology on X is P f (X) = { A ⊆ X | A is finite }, i.e., the bounded sets are precisely the finite subsets. The galaxy map is identically
Example 2.16. Let X be a topological space. The compact bornology of X is
The galaxy map satisfies that G X (x) ⊆ NS (X) for all x ∈ X. To see this, suppose that A ⊆ X contains x and is contained in a compact set K. By the nonstandard characterisation of compactness (cf. [5, Theorem 4.
If X is T 1 , we can consider another bornology on X, called the relatively compact bornology, defined as follows:
Example 2.17. Let X be a pseudometric space. The bounded bornology of X is
is finite } which is independent of x. This construction works even when the pseudometric function is allowed to be +∞. In this case, the resulting prebornology may be disconnected. It is connected when and only when the pseudometric function is finite-valued.
Example 2.18. Let X be a prebornological space and A a subset of X. The subspace prebornology of A is
Example 2.19. Let { B i } i∈I be a family of prebornologies on a fixed set X. The intersection i∈I B i forms a prebornology on X. Its galaxy map is
where G i is the galaxy map for B i . The right hand side may not be equal to
Example 2.20. Given a prebornology B X on a set X, the smallest bornology B ′ X ⊇ B X on X exists. Its galaxy map is given by
where G X and G ′ X denote the galaxy maps for B X and B ′ X , respectively. Example 2.21. Let { X i } i∈I be a family of prebornological spaces. The product prebornology on P = i∈I X i is
where π i : P → X i is the canonical projection. The galaxy map is
If I is finite, the remainder * I \ I vanishes and G P (x) = i∈I G Xi (x i ) holds. If each X i is connected, then so is P .
Example 2.22. Let { X i } i∈I be a family of prebornological spaces. The sum prebornology on S = i∈I X i is i∈I B Xi . The galaxy map is
Even if each X i is connected, S may be disconnected.
Bornological maps and proper maps.
Definition 2.23. Let X and Y be prebornological spaces. We say that a map
This notion admits the following nonstandard characterisation which is an obvious generalisation of [3, Theorem 4.5] to prebornology. Theorem 2.24. Let X and Y be prebornological spaces and let f : X → Y be a map. Consider a point x ∈ X. The following are equivalent: 
by Proposition 2.6, we have that
Definition 2.27. Let X be a prebornological space. A point x ∈ * X is said to be finite if there exists an x ′ ∈ X such that x ∈ G X (x ′ ). A point of * X is said to be infinite if it is not finite. We denote the set of all finite points of * X by FIN (X) and the set of all infinite points of * X by INF (X).
Using this terminology, we can rephrase the characterisations of bornologousness and properness more simply.
Theorem 2.28. Let X and Y be prebornological spaces and let f : X → Y be a map.
( Proof. (2) and (4) are immediately follow from (1) and (3), respectively. We only prove (1) and (3).
(1) The forward direction is immediate from Theorem 2.24. Suppose that Y is connected and
The forward direction is immediate from Theorem 2.26. Suppose that X is connected and
Let us demonstrate the use of such characterisations by proving the following well-known result in elementary functional analysis. Proof. We only need to consider the behaviour around 0. Firstly, suppose that f is not bornological at 0. By Theorem 2.28, we can choose an x ∈ FIN (X) such that
. By the nonstandard characterisation of continuity (cf.
Secondly, suppose that f is discontinuous at 0. By the nonstandard characterisation of continuity, we can choose an x ∈ µ X (0) such that
X the set of all maps from X to Y . Let F be a subset of Y X . For B ⊆ X, we denote F (B) = { f (x) | f ∈ F and x ∈ B }. F is said to be simply bounded if F (x) ∈ B Y for all x ∈ X. F is said to be equibounded if F (B) ∈ B Y for all B ∈ B X . Theorem 2.31. Let X and Y be prebornological space and let F ⊆ Y X be nonempty. The following are equivalent:
(1) F is simply bounded; (2) for every x ∈ X, there exists a y ∈ Y such that
Proof. Immediate from Proposition 2.6. (1) F is equibounded; (2) for every x ∈ X, there exists a y ∈ Y such that
Proof.
(1) ⇒ (2): Let x ∈ X. We fix an f ∈ F . Let B ∈ BN X (x). Since F (B) is bounded and f (x) ∈ F (B), by Proposition 2.6,
, because B was arbitrary. (2) ⇒ (1): Let B be a bounded set of X. We may assume that B = ∅. We fix an x 0 ∈ B. We can find a y ∈ Y such that Proof. We only need to consider the behaviour around 0. First, suppose that F is not equibounded. By Corollary 2.34, we can choose an x ∈ FIN (X) and an
. By the nonstandard characterisation of equicontinuity (cf. [4, 4.4.6]), F is not equicontinuous at 0.
Next, suppose that F is not equicontinuous at 0. By the nonstandard characterisation of equicontinuity, we can choose an x ∈ µ X (0) and an f ∈ * F such that
. By Corollary 2.34, F is not equibounded.
Compatibility of topology and bornology.
Definition 2.36. Let X be a set. A topology and a prebornology on X are said to be compatible if X is locally bounded, i.e., each point of X has a bounded neighbourhood.
Theorem 2.37. Let X be a topological space with a prebornology. Let x ∈ X. The following are equivalent:
(1) X is locally bounded at x;
Proof. 
(2) ⇒ (1): By Lemma 2.5, there exists a B ∈ * B X such that G X (x) ⊆ B. By weak saturation, there exists a U ∈ * O X such that x ∈ U ⊆ µ X (x). We have that U ⊆ B. Hence B is an internal bounded neighbourhood of x. By transfer, x has a bounded neighbourhood. (1) X is locally compact; (2) G X (x) = NS (X) for all x ∈ X; (3) FIN (X) = NS (X). Definition 2.40. Let X be a topological space and let Y be a bornological space. We say that a map f : X → Y is locally bounded at x ∈ X if there is a neighbourhood N of x such that f (N ) is bounded.
We can easily obtain the following characterisation of this notion.
Theorem 2.41. Let X, Y, f, x be the same as above. The following are equivalent: Proof. By the nonstandard characterisation of continuity, we know that * f (µ X (x)) ⊆ µ Y (f (x)). By Theorem 2.37, we have that (x) ). Thus the above characterisation completes the proof.
2.6. Vector topology and vector bornology. Throughout this subsection we let the underlying field K = R or C. (1) B is von Neumann bounded; (2) there is an r ∈ * K such that * B ⊆ rµ X (0).
Proof.
(1) ⇒ (2): Using weak saturation we can find an internal open neighbourhood U of 0 such that U ⊆ µ X (0). By transfer, there is an r ∈ * K such that * B ⊆ rU . Hence * B ⊆ rµ X (0). (1) U is bornivorous;
(1) ⇒ (2): By Bornological Approximation Lemma, there exists an internal bounded set B such that G X (0) ⊆ B. By transfer, there is an r ∈ * K such that
Hence U is bornivorous, because B was arbitrary.
For each topological vector space, the set of all von Neumann bounded sets is a bornology compatible with the vector space structure. Dually, for each bornological vector space, the set of all bornivorous sets makes the space a topological vector space in which the bornivorous sets are the neighbourhoods of 0. We omit the proofs and refer the reader to [2, p.21] and [2, 1.E.8]. Proof. Let B be an arbitrary von Neumann bounded subset of X. By Theorem 2.44 choose an r ∈ * K such that * B ⊆ rµ X (0). By the nonstandard characterisation of continuity,
Hence f is continuous (at 0).
Coarse structure
In this chapter, we extend nonstandard treatments to coarse structures. We provide nonstandard characterisations for some large-scale notions concerning coarse structure. The interaction between uniformity and coarse structure is also discussed. For example, we give a nonstandard characterisation of slowly oscillation property, and prove some fundamental facts about that property.
3.1. Coarse structures and finite closeness relations. Definition 3.1. A coarse structure on a set X is a subset C X of P (X × X) such that (1) C X contains the diagonal set of X × X: ∆ X ∈ C X ; (2) C X is downward closed: E ∈ C X and F ⊆ E implies F ∈ C X ; (3) C X is closed under finite union:
The pair (X, C X ) is called a coarse space. The elements of C X are called the controlled sets of X.
Definition 3.2. Let X be a coarse space. We say that x, y ∈ * X are finitely close (and denote by x ∼ X y) if there exists an E ∈ C X such that (x, y) ∈ * E. Equivalently, the finite closeness relation ∼ X is defined as the union E∈CX * E.
The coarse structure can be recovered from its finite closeness relation ∼ X . To see this, we use the following lemma, the uniform counterpart of Bornological Approximation Lemma. Proof. Since C X is closed under finite union, for every finite subset F of C X there exists an E ′ ∈ C X such that F ⊆ E ′ for all F ∈ F . By weak saturation, there exists an E ∈ * C X such that * F ⊆ E for all F ∈ C X . It follows that ∼ X ⊆ E.
Proposition 3.4. Let X be a coarse structure. Let E be a subset of X × X. The following are equivalent:
(1) ⇒ (2): Trivial. (2) ⇒ (1): By Coarse Approximation Lemma, there exists an F ∈ * C X such that (∼ X ) ⊆ F . Since * E ⊆ (∼ X ) ⊆ F , by transfer, we have that E ∈ C X . Proposition 3.5. Let X be a coarse space. ∼ X is a galactic equivalence relation on * X.
Proof. By definition, ∼ X is galactic. Since ∆ X ∈ C X , we have that ∆ * X = * ∆ X ⊆ ∼ X . The composability of C X implies that
The invertibility of C X implies that
Theorem 3.6. Let X be any set. If R is a galactic equivalence relation on * X, then X admits a unique coarse structure whose finite closeness coincides with R.
Since R is reflexive, C X contains ∆ X . The transitivity of R implies the closedness of C X under composition. The symmetricity of R implies the closedness of C X under inversion. The downward closedness and the closedness under finite union are both trivial. Hence C X is a coarse structure on X. Since R is galactic, R = E∈CX * E = ∼ X .
Hence the correspondence C X ↔ ∼ X is a bijection between the coarse structures on X and the galactic equivalence relations on * X.
Remark 3.7. These two results are the large scale counterpart of [1, Theorem 1.7] which states that monadic equivalence relations correspond to uniformities. Here a class A ⊆ * U is said to be monadic if A = { * B | A ⊆ * B }.
Definition 3.8. Let X be a coarse space. A subset B of X is said to be bounded if B×B ∈ C X holds. The induced prebornology on X is B X = { B ⊆ X | B is bounded }.
Proposition 3.9. Let X be a coarse space and let B be a subset of X. The following are equivalent:
(1) B is bounded; (2) x ∼ X y holds for any x, y ∈ * B.
Proof. (2) is equivalent to " * B × * B ⊆ ∼ X ". By Proposition 3.4, this is equivalent also to "B × B ∈ C X ". Definition 3.10. Let X be a coarse space. The coarse galaxy of x ∈ * X is the set
Proposition 3.11. Let X be a coarse space equipped with the induced prebornology.
Let B be a bounded set containing x. Then, { x } × B ⊆ B × B ∈ C X , so { x } × B ∈ C X . This implies that
3.2.
Examples of coarse spaces.
Example 3.12. Let X be a set. The maximal coarse structure on X is P (X × X).
The finite closeness relation is * X × * X.
Example 3.13. Let X be a set. The discrete coarse structure on X is P (∆ X ). The finite closeness relation is the diagonal ∆ * X . Generally, given an equivalence relation E on X, its power set P (E) is a coarse structure on X whose finite closeness relation is precisely * E.
Example 3.14. Let X be a set. The finite coarse structure on
The finite closeness relation is ∼ X = ∆ * X ∪ (X × X): let x, y ∈ * X. Clearly, if x = y or x, y ∈ X, then x ∼ X y. To see the reverse direction, suppose that x ∼ X y but x = y. There exists an E ⊆ X × X such that E \ ∆ X is finite and (x, y) ∈ * E. E contains only a finite number of pairs (x 0 , y 0 ) , . . . , (x n , y n ) off the diagonal ∆ X . By transfer, (x, y) = (x i , y i ) holds for some 0 ≤ i ≤ n. It follows that x, y ∈ X.
Example 3.15. Let X be a pseudometric space. The bounded coarse structure of X is
The finite closeness relation is
Proof. Let x ∈ X. Then, by Proposition 3.11 and Theorem 3.21,
Definition 3.23. Let X be any set and Y a coarse space. Two maps f, g : Proof. We only prove (1), because the proof of (2) can be proved dually. Let x ∈ INF (X). Since g • f is bornotopic to id X , we have that
Since g is bornological, and by Theorem 2.28, it must hold that * f (x) ∈ INF (Y ). Again by Theorem 2.28, f is proper.
Equibornologous families.
Definition 3.25. Let X and Y be coarse space. Let F be a subset of Y X . For E ⊆ X × X, we denote F (E) = { (f (x) , f (y)) | f ∈ F , (x, y) ∈ E }. F is said to be equibornologous if F (E) ∈ C Y for all E ∈ C X . (1) F is equibornologous; (2) for any f ∈ * F and x, y ∈ * X, x ∼ X y implies f (x) ∼ Y f (y).
Proof.
(1) ⇒ (2): By Proposition 3.4 there exists a controlled set E of X such that (x, y) ∈ * E. By transfer, (f (x) , f (y)) ∈ * F (B) holds. Since F (E) ∈ C Y , by Proposition 3.4, f (x) ∼ Y f (y) holds.
(2) ⇒ (1): Suppose that F is not equibornologous. There exists a controlled set E of X such that F (E) is not a controlled set of Y . By Proposition 3.4, there are (y, y ′ ) ∈ * (F (E)) such that y ≁ Y y ′ . By transfer, (y, y ′ ) = (f (x) , f (x ′ )) holds for some f ∈ * F and (x, x ′ ) ∈ * E. The latter implies that x ∼ X x ′ .
3.5. Compatibility of uniform and coarse structures.
Definition 3.27. Let X be a set. A uniformity U X and a coarse structure C X on X are said to be compatible if X is uniformly locally bounded, i.e., U X ∩ C X = ∅.
Theorem 3.28. Let X be a uniform space with a coarse structure. The following are equivalent:
(1) X is uniformly locally bounded; (2) x ≈ X y implies x ∼ X y for all x, y ∈ * X.
(1) ⇒ (2): Let U ∈ U X ∩ C X . By the nonstandard characterisation of entourages (cf. [8, Observation 8.4 .25]), we know that ≈ X ⊆ * U . By Proposition 3.4, * U ⊆ ∼ X . Hence ≈ X implies ∼ X . (2) ⇒ (1): By Coarse Approximation Lemma, there exists an E ∈ * C X such that ∼ X ⊆ E. By weak saturation, there exists an U ∈ * U X such that U ⊆ ≈ X . We have that U ⊆ E. By transfer, E ∈ * U X ∩ * C X , so U X ∩ C X = ∅. Proof. It has been proved that C h (X) is complete with respect to the supremum norm. What we have to prove is that C h (X) is closed under the pointwise operations of * -algebra. Here let us only prove that a product of two Higson functions is again a Higson function. Let ϕ, ψ : X → C be Higson functions. Obviously ϕψ is bounded and continuous. Now, let x, y ∈ INF (X) and suppose that x ∼ X y. Since ϕ and ψ are both bounded, * ϕ (x) and * ψ (y) are both finite. By Theorem 3.30, * (ϕψ) (x) = * ϕ (x) * ψ (x)
≈ C * ϕ (y) * ψ (y) = * (ϕψ) (y) .
Note that we have used the algebraic law infinitesimal × finite = infinitesimal in the second and the third ≈ C s. Again by Theorem 3.30, ϕψ is slowly oscillating. Hence ϕψ is a Higson function.
